The teleparallel formulation of gravity theories reveals close structural analogies to electrodynamics, which are more hidden in their usual formulation in terms of the curvature of spacetime. We show how every locally Lorentz invariant teleparallel theory of gravity with second order field equations can be understood as built from a gravitational field strength and excitation tensor which are related to each other by a constitutive relation, analogous to the premetric construction of theories of electrodynamics. We demonstrate how the previously studied models of f (T) and f (Tax, Tten, Tvec) gravity as well as teleparallel dark energy can be formulated in this language. The advantage of this approach to gravity is that the field equations for different models all take the same compact form and general results can be obtained. An important new such result we find is a constraint which relates the field equations of the tetrad and the spin connection.
I. INTRODUCTION
Electrodynamics is described by the well-known Maxwell equations. In the language of differential forms these can be formulated in terms of the field strength 2-form, a conserved current 3-form, an excitation 2-form as well as a relation between field strength and excitation called constitutive relation. In the most simple case of Maxwell electrodynamics in vacuum this constitutive relation is given by the Hodge dual. In the premetric approach to electrodynamics [1] the constitutive relation is generalized to an arbitrary dependence of the excitation on the field strength and background fields, while the Maxwell equations retain their form. This generalization allows for the description of the vast physical phenomenology of the electromagnetic interaction from linear and non-linear effects in media to various non-linear theories of electrodynamics like Born-Infeld in one unified language.
Gravity, on the contrary, is described by general relativity (GR) in a completely different way. The Einstein equations determine the metric of spacetime from the matter energy-momentum through the curvature of the LeviCivita connection of the metric. It is possible to construct various extended/modified theories of Einstein's gravity, which typically lead to structurally different field equations. See [2] [3] [4] [5] for reviews.
An alternative description of the gravitational field and its dynamics is given on the basis of so-called teleparallelism, which allows to identify certain analogies between the dynamics of gravity and electromagnetism. In teleparallelism the Riemannian geometry of general relativity is replaced by the curvature-free teleparallel geometry and the gravitational interaction is attributed to the torsion of spacetime [6] [7] [8] [9] [10] [11] [12] [13] . It is possible to reformulate the dynamics of gravity known from general relativity equivalently into the teleparallel formalism, which is known as teleparallel gravity or teleparallel equivalent of general relativity (TEGR). This provides another starting point to construct further modified and extended theories of gravity [14] [15] [16] [17] [18] [19] [20] [21] .
An interesting aspect of teleparallel gravity is that it arises as a gauge theory of the translation group [9-11, 13, 22] , allowing to incorporate gravity into the gauge paradigm together with other fundamental interactions. As a consequence, the field equations of teleparallel gravity take a very similar form to those of the standard Maxwell or Yang-Mills theory. The torsion tensor can be viewed as the gravitational analogue of the electromagnetic field strength, while the so-called superpotential plays the role of the gravitational excitation tensor. This similarity has recently been used by Itin, Hehl and Obukhov [23] to demonstrate how one can generalize teleparallel gravity by choosing a general local and linear gravitational constitutive relation between the superpotential and the torsion. This leads to the gravity model known as New General Relativity [24] , which includes teleparallel gravity as a special case. The whole construction can be seen as the gravitational analogue of the so-called premetric generalization of Maxwell electrodynamics [25] [26] [27] [28] [29] [30] , which is part of the framework of premetric electrodynamics. Note that another approach to understand teleparallel gravity in the line of gravitoelectromagnetism can be found in the literature [31, 32] , while a constitutive relation motivated by continuum mechanics is explored in [33] .
In this paper we extend the analogy between general theories of electrodynamics and teleparallel gravity, formulated covariantly in terms of constitutive relations, in two directions:
Firstly we show that it is possible to realize every locally Lorentz invariant teleparallel theory of gravity with second order field equations in the aforementioned framework. We find that the field equations for all these models have a common structure, which is similar to Maxwell's equations in premetric electrodynamics. The difference between the theories lies solely in the choice of different gravitational constitutive laws which supplement the field equations. In particular, we construct the gravitational constitutive relation for previously studied modified teleparallel models [14] [15] [16] [17] [18] [19] [20] [21] . Moreover, we use this framework to outline more general classes of teleparallel theories of gravity inspired by Plebański electrodynamics. Thus it is possible to understand different theories of gravity in a similar way as different theories of electrodynamics.
Secondly we include in our construction a non-vanishing teleparallel spin connection into the gravitational action along the lines of the recently proposed Lorentz covariant formulation of teleparallel theories [34] [35] [36] [37] . The matter field action, i.e. the coupling between gravity and all other matter fields, is unaffected by the introduction of the spin connection since we do not change the minimal coupling prescription: matter couples to the metric and its Levi-Civita connection, which can be expressed as functions of the tetrads alone. The reason to consider only minimally coupled fields is to only introduce changes in the gravitational dynamics but not in the dynamics of the matter fields on a fixed background geometry. In consequence we show that for an arbitrary generalized model the result of the variation with respect to the spin connection is identical to the antisymmetric part of the tetrad field equations. This provides a constraint which relates the spin connection and the tetrad to each other and leaves only the symmetric part of the tetrad field equations determining the dynamics of the theory.
The outline of the article is as follows. We begin by recalling the premetric formulation of electrodynamics in section II. In section III A we summarize the teleparallel equivalent formulation of general relativity in the language of differential forms. Then we formulate gravity in the analogue language of electrodynamics in section III B, which is one of the central results of this article. Afterwards, in section IV we illustrate how within this scheme several models of modified and extended teleparallel theories of gravity can be formulated in terms of different gravitational constitutive laws. Finally we discuss our findings and give an outlook for future developments in section V. A detailed derivation of the gravitational field equations is presented in appendix A.
We use the following conventions in this article: Greek indices µ, ν, . . 
Tensors with Greek index describe the gravitational interaction, tensors without a Greek index denote objects used in electrodynamics.
II. PREMETRIC ELECTRODYNAMICS
General electrodynamics can be described by the field equations
where F is the electromagnetic field strength 2-form, H is the excitation 2-form and J the closed current 3-form. In the case of Maxwell electrodynamics the excitation form is related to the field strength form using the Hodge dual map and the vacuum impedance λ 0 = ǫ0 µ0
For the following arguments we will choose units such that the vacuum impedance is normalized λ 0 = 1, in SI units its value is λ 0 = 1 377Ω . The basic idea behind this premetric approach to electrodynamics is that the field equations (1) define every gauge invariant theory of electrodynamics which realizes electric charge and magnetic flux conservation. The only additional ingredient needed to make the theory predictive is a constitutive relation which expresses the excitation in terms of the fields strength H = H(F ) [1]. This constitutive relation can be of any kind and does not necessarily involve a metric tensor, as it is used in Maxwell electrodynamics on curved spacetime (2) .
The specification of the constitutive relation H(F ) distinguishes different theories. The most familiar constitutive law is a local and linear relation H = κ(F ), which in local coordinates takes the form
The map κ maps 2-forms to 2-forms and is called the constitutive map while the object χ cdef is the constitutive density and ǫ the totally antisymmetric Levi-Civita symbol. The fields κ or χ equivalently define the class of theories called local and linear premetric electrodynamics.
As mentioned above Maxwell electrodynamics on a spacetime (M, g) is defined by choosing κ = ⋆, the Hodge dual operator of the metric, which implies
with |g| = | det g ab |. Electrodynamics in media, like in an uniaxial birefringent crystal for example [38, 39] , is described by the constitutive density
where X is the spacelike direction of the optical axis of the crystal and U the timelike direction which characterizes the rest frame of the crystal. Recently local and linear premetric electrodynamics has gained some interest as model for a quantum field theory based on a more general causal structure than that of a Lorentzian metric [39] [40] [41] [42] .
In general there is no a priori need to choose the constitutive relation κ to be linear. It is well-known that electrodynamics in media exhibits non-linear effects. The important and interesting point to make here is, that in order to capture and describe these effects it is not necessary to change the fundamental field equations (1), but it suffices to change the constitutive relation H(F ), for example to a local and non-linear one. A famous class of non-linear electrodynamics are so-called Plebański theories [1] . They are defined by a constitutive relation involving two general functions U and V
where I 1 and I 2 are the scalars
The ⋆ denotes again the Hodge dual operator on a 4-dimensional spacetime (M, g). Special instances of Plebański electrodynamics are the Born-Infeld theory [43] ,
and the Heisenberg-Euler theory [44] emerging as counter term in quantum electrodynamics,
At the end of this article we will find the teleparallel theories of gravity which are analogs to the Plebański theories of electrodynamics.
III. TELEPARALLEL GRAVITY
Teleparallel gravity can be viewed as a gauge theory of the translation group [9-11, 13, 22] , which allows us to understand the gravitational interaction in analogy to electrodynamics and Yang-Mills theories. We start with a review of the ordinary teleparallel gravity, highlight its analogy with Maxwell electrodynamics, and briefly discuss some of its aspects in which it is more akin to Yang-Mills theories. Then we proceed with the construction of the analogue of teleparallel gravity to the premetric formulation of electrodynamics. It was introduced recently [23] for the class of local and linear, i.e., premetric, gravitational constitutive relations, and we will generalize this formulation and construction to general non-linear constitutive relations.
A. Teleparallel Equivalent of General Relativity
The fundamental variables in teleparallel gravity are a frame {e µ } 3 µ=0 or, equivalently, a coframe {θ µ } 3 µ=0 , which form local bases of T x M and T * x M , and a curvature-free spin connection ω µ ν with torsion. In a local coordinate basis these frame fields may be expanded as
and their components are defined to be inverse and so can be related to each other with help of the identities
The components can be used to convert spacetime indices into Lorentz indices, and vice versa, e.g.
where X ··· ··· is a general tensor with mixed indices. In addition the coframe defines a Lorentzian spacetime metric
which is used to raise and lower spacetime indices. From now on, as it is common in the literature, we will refer to both frames and coframes, as well as their components, as tetrads.
The first Cartan structure equation defines the torsion as a covariant exterior derivative of a tetrad,
where T µ are 2-forms, which in local coordinates can be expressed as
while the connection coefficients ω σ ν are 1-forms
which satisfy the condition of vanishing curvature expressed by the second Cartan structure equation
Based on analogy with F = dA we can view the torsion as an analogue of the electromagnetic field strength and the tetrad as an analogue of the electromagnetic potential. Taking the exterior covariant derivative of the torsion (14) and using (17) we find the Bianchi identity
that plays the role of the first Maxwell equation in (1).
To derive the field equations of teleparallel gravity we introduce the teleparallel gravity excitation 2-formsH µ as function of the tetrad and the torsion given bỹ
where |θ| ≡ | det θ µ (∂ a )| = | det θ µ a | and we expressed its components here in terms of the more commonly used superpotential
which can be understood in terms of a linear operatorχ acting on the torsion
This representation is the gravitational analogue of the expansion of the electromagnetic excitation in terms of the electromagnetic field strength in Maxwell electrodynamics, see (3) and (4), as well as the discussion in [23] . As in the electrodynamics case the dimensionful constant which needs to appear in the relation between superpotential and torsion is set to one by our choice of units. Up to the density factor |θ| the operatorχ appeared in the literature in analysis of propagating degrees of freedom [45] and the Hamiltonian formulation of teleparallel gravity [46] . 1 Note that in the literature one also encounters the so called Lucas-Pereira dual * on soldered bundles [47] . It allows to write the teleparallel excitation form in a very compact wayHµ = ηµσ ( * T ) σ , which resembles the constitutive relation of Maxwell electrodynamics (2) . It is a map from tangent space valued 2-forms to tangent space valued 2-forms and takes into account the soldered nature of the tangent bundle, i.e., allows contractions between Lorentz and spacetime indices.
The
where the gravitational action is defined by the torsion scalar T
We remark that it is possible to derive this action and the above postulated superpotential directly from the EinsteinHilbert action. One may rewrite the latter in terms of the tetrad, instead of in terms of the metric, and directly obtain the action (23) . The canonical momentum of the tetrad θ µ is then given by the teleparallel gravity excitation 2-formsH µ and the superpotential (20) is its Hodge dual.
The matter action which describes the coupling between gravity and all other physical fields is given by
Observe that the matter action we consider only depends on the tetrad and the matter fields and not on the teleparallel spin connection, i.e., we still consider matter fields which are minimally coupled to the metric only. Note that this assumption does not exclude spinning matter, but simply means that spinning matter couples via the Levi-Civita connection derived from the metric, in the same way as in general relativity.
Varying the total action (22) with respect to the tetrad we find the field equations
are known as the gravitational and matter energy-momentum 3-forms, respectively. Note that local Lorentz invariance of the matter action implies that the corresponding energy-momentum tensor is symmetric [13, 48] ,
The variation with respect to the spin connection vanishes identically [35] . Therefore, the spin connection does not have dynamics on its own, but it plays an important role in keeping the theory locally Lorentz invariant and defining correct conserved charges and the finite action [34, 35, 49] .
Having all the fundamental defining relations of teleparallel gravity at hand we can observe the following analogy with Maxwell electrodynamics: Bianchi identities (18) look like the first equation in (1), the field equations (25) like the second equation in (1), and the constitutive relations (19) and (2) also have a similar form. However, one can also notice two differences:
Firstly, in teleparallel gravity appears the exterior covariant derivative while in electromagnetism the exterior derivative is the ordinary one 2 . This is due to the fact that the tetrad, and hence also the torsion, carries a representation of an external gauge group, given by the Lorentz group and gauged with the spin connection ω µ ν . This is not the case for the electromagnetic vector potential and field strength.
Secondly, there appears the gravitational energy-momentumΥ µ on the left hand side of the equation (25) . This term appears here as a consequence of the constitutive relation (19) depending on the dynamical field, i.e., the tetrad, itself. From a physical viewpoint it represents self-interaction and is related to the non-linear nature of the gravitational interaction in general relativity 3 . In principle, one can consider the total energy-momentum Σ (total) µ that includes both the gravitational and matter contributions, and rewrite the field equations (25) as
In this form the similarity to the corresponding electromagnetic field equation dH = J becomes the most apparent. The presence of both the covariant exterior derivatives and the self-interaction terms imply that the teleparallel gravity is actually more similar to the Yang-Mills gauge theory than the Maxwell electrodynamics. Nevertheless, the analogy with electrodynamics is still sufficient for our main task here: to construct generalized gravity models by different choices of constitutive laws as it is done in premetric electrodynamics.
B. Teleparallel gravity with general constitutive relation
The teleparallel equivalent of GR, ordinary teleparallel gravity, which we discussed in the previous section, was recently generalized in a similar fashion as premetric electrodynamics generalizes Maxwell electrodynamics [23] . These local and linear teleparallel gravity theories, i.e., the gravitational excitation depends linearly on the torsion tensor, cover basically what is known as new GR theories in the literature [24] .
In order to extend the use of the language of premetric electrodynamics from local and linear theories covered in [23] to local, but in general non-linear teleparallel gravity theories, we now consider gravitational excitation tensors H µ which are general functions of the tetrad (the potential of the theory) and the torsion (the field strength of the potential),
Observe that there is an important difference between our formulation of gravity in terms of constitutive laws and electrodynamics. In contrast to electrodynamics the gravitational excitation depends not only on the corresponding field strength, but also on the potential itself. The feature already appeared for the teleparallel equivalent of GR in the previous section and is the source of the gravitational energy termΥ µ , which will appear in the field equations in general for gravity, but is absent in electrodynamics. The Bianchi identities (18) and the matter energy-momentum (27) with the conservation laws (28) do not involve the excitation form and hence stay the same as in the previous section. Only the field equations (25) change due to the generalization of the constitutive relation (30) .
The details of the calculation can be found in Appendix A, where we consider the generalized gravitational action
in (22) instead ofS g . Variation of the action S = S g + S m yields the new extended field equations
where we introduced the 2-form
which is the canonical momentum of the tetrad, as can be seen from the form of the variation of the action in (A3). Note that in the TEGR case, discussed in the previous section, Π σ = H σ =H σ , while in general Π σ is different from H σ due its possible non-linear dependence on the torsion. The 3-form Υ µ is defined analogous toΥ µ , see (26) , by replacingH µab with H µab ,
Note that for explicit calculations the variational derivative is given by
which is different from a simple derivative with respect to the components of the torsion, and takes into account the antisymmetry in the last two indices. The presence of the extra term Q σ makes the form of the field equations differ slightly from the ones in ordinary teleparallel gravity (25) . However, for excitation 2-forms H µ (θ ν , T ν ) which are homogeneous of any degree r in the torsion, i.e., if H µ (θ ν , kT ν ) = k r H µ (θ ν , T ν ) holds for k ∈ R, it turns out that Q µ = rH µ . Hence, for these models the field equations take the same form as in the case of a linear gravitational constitutive relation, up to constant factor.
Observe that the same is true when one derives the field equations of electrodynamics from an action
The equations of motion only have the form dH = J if H is local and linear in F , otherwise one finds dΠ = J with Π = 1 2 (H + Q), where Q contains derivatives of H with respect to F . The field equations (32) can be decomposed into their symmetric part
and their antisymmetric part
where we have used the symmetricity of the matter energy-momentum tensor (28) . Differently to the case of the ordinary teleparallel gravity, the variation with respect to the spin connection does not vanish identically but-as we explicitly show in Appendix A-it yields the antisymmetric part of the field equations for the tetrad (38). This antisymmetric part can then equally be viewed as the "field equations" for the spin connection. However, since it does not contain second derivatives of the spin connection, it rather yields constraints than equations which encode new dynamics.
For spin connections which solve the constraint (38) only the symmetric part of the field equations (37) need to be solved. A possible method to obtain spin connections which satisfy the constraint explicitly was recently discussed for f (T) gravity in [36, 37] .
IV. GRAVITATIONAL CONSTITUTIVE RELATIONS
The advantage of the generalization of teleparallel gravity in the language of general constitutive laws is that it allows us to study properties of various extended models of gravity in a unified way. The field equations of these models always take the form
and differ only in the constitutive relation defining the particular model. The different building blocks of the equations were defined in the previous section, see (33) for the highest derivative term Π µ , (26) for the gravitational self energy Υ µ and (27) for the matter energy momentum Σ µ .
Here we now present different teleparallel gravity constitutive relations and demonstrate how they realize various popular modified teleparallel gravity models such as f (T) gravity in this framework.
A. Polynomial teleparallel constitutive relations
A very convenient choice of constitutive relation is a polynomial in the torsion tensors which are contracted by a constitutive tensor κ. This constitutive tensor can be built from the tetrads θ ν . The components of H µ take the form
where we introduced the constitutive density χ µ 
The 2-forms Q σ can now be calculated and become
so that the field equations are given by
which we recognize to be a special instance of the field equations for general homogeneous constitutive relations. The gravitational self interaction energy 3-forms Υ µ depend on how the constitutive tensor κ is constructed from the tetrad. For r = 1 one obtains the class of constitutive relations which were discussed in [23] yielding the new GR models [24] ,
Comparing this expression with the induction form of the teleparallel equivalent of GR (19), we can read off the corresponding constitutive density in terms of the superpotential, which itself is linear in the torsion, or as contraction operator built from the tetrads acting on the torsion (21), where the metric is understood as function of the tetrads, see (13)
B. f (T) gravity
The most studied extension of teleparallel gravity is the so-called f (T) gravity [14] [15] [16] [17] constructed from an arbitrary function of the torsion scalar
It can be read off from the action (23) and the superpotential S µ ab was displayed in (20) . One easily checks that f (T) gravity can be realized in our approach using a constitutive relation of the form
Note that one of the original motivations to consider f (T) gravity [15] was the construction of a gravitational analogue of Born-Infeld theory by taking the function
where ǫ is a constant controlling the scale of the deformation. Within our framework inspired by non-linear electrodynamics such a construction appears naturally and can be easily understood.
C. Gravitational analogue of Plebański electrodynamics
Recently [21] , an even larger class of modified teleparallel gravity theories-so-called f (T ax , T ten , T vec ) gravity-were proposed, which include f (T)-gravity and other relevant models in the literature, such as teleparallel conformal gravity [20] . We now show how f (T ax , T ten , T vec ) gravity naturally fits in our new framework and can be realized as special case of the gravitational analogue of Plebański electrodynamics, discussed in section II, which we develop here.
To construct this analogue, we consider all quadratic invariants of torsion. It turns that it is more suitable to first decompose the torsion tensor into irreducible pieces with respect to the Lorentz group as
where
are known as the vector, axial, and purely tensorial torsions, respectively. The advantage of this decomposition is that we can then distinguish between parity preserving invariants that we denote as
and parity violating invariants
The gravitational analogue of Plebański electrodynamics (6) is now obtained from the gravitational constitutive relation
where U and V are arbitrary functions of five invariants (52)- (53). It becomes clear now that f (T ax , T ten , T vec ) gravity can be realized by restricting to the parity preserving invariants (52) and choosing functions U and V as
With the constitutive relation (54) we further enlarged the class of possibly interesting teleparallel gravity models which may be investigated for their physical relevance in the future. The striking insight of our construction is that it is possible to analyse all of these different theories of gravity by a set of field equations which have a common universal form (32) .
D. Teleparallel dark energy
Another popular model is the so-called teleparallel dark energy model [19] , where the torsion scalar (47) is nonminimally coupled to a scalar field. This model can be realized through an extension of our framework in terms of an excitation tensor which further depends on a scalar field φ and a constant parameter ξ,
The dynamics of the scalar field is given by an additional field equation. It is obtained by including a kinetic term as well as a potential term for the scalar field to the action (31) and performing the corresponding variation. The teleparallel dark energy constitutive density then also contains the scalar field,
In electrodynamics, theories with different fields in the constitutive relation describe for example the uniaxial crystal, see (5).
V. DISCUSSION
We have developed a general framework in which teleparallel theories of gravity can be formulated in analogy to various theories of electrodynamics. Our building blocks are: the torsion tensor, which is the gravitational analogue of the field strength, an excitation tensor, and a gravitational constitutive relation expressing the excitation as a function of the torsion and the tetrad. The gravitational dynamics then are described by the Bianchi identities (18) and the field equations (32), which we have derived for a general constitutive relation.
We realized various teleparallel models like f (T) gravity, f (T ax , T ten , T vec ) gravity and teleparallel dark energy model within our framework by explicitly stating their constitutive relation. Moreover we outlined how to construct gravity theories in analogy to theories of electrodynamics and demonstrated this procedure by proposing a new class of gravity theories based on analogy with Plebański electrodynamics (54) .
One central advantage of our framework is that the gravitational field equations have always the same compact form and different models of gravity are defined by the choice of a constitutive relation. This allows us to systematically study modified teleparallel theories. A particularly important systematic result we derived here is that the variation of the action with respect to the spin connection yields a constraint equation that coincides with the antisymmetric part of the tetrad field equations (38) . To obtain a consistent solution of the theory the spin connection and the tetrad must be chosen such that this constraint is satisfied, i.e., the spin connection cannot be chosen arbitrarily. These findings agree with the result of [37, 50] for f (T) gravity, but now can be understood as a generic feature of all teleparallel theories with second order field equations.
Further our framework allows for a new systematic classification of modified gravity theories according to their defining constitutive relation. The task now is to systematically identify those constitutive relations which lead to theories of gravity with correct (post) Newtonian limit, being ghost-free and consistent with observations in general.
A possible extension of our framework is to consider more general constitutive relations which include higher derivatives of the tetrad, respectively derivatives of the torsion. In electrodynamics such constitutive laws are known and appear for example in Bopp-Podolsky electrodynamics; a higher derivative theory of electrodynamics with finite self interaction of the electron with its own electromagnetic field [51] [52] [53] .
Another direction of generalization is to allow additional fields in constitutive relations. A most simple example was already presented here by using a scalar field in the example of a teleparallel dark energy model (56). However, it can be generalized to include additional background fields that could be used for an effective description of gravitational effects at certain scales and environments. For example, an additional 1-form may be considered which is present in some phenomenological models of quantum gravity [54] .
Going even further, we may address quantum gravity itself in the teleparallel formulation and search for gravitational constitutive laws which could yield new renormalizable theories of gravity. In [39] the quantization of electrodynamics with general local and linear constitutive law was performed. The reformulation of gravity theories in a similar language may have the potential to approach the search for a consistent theory of quantum gravity from a new point of view. Here we present the details of the derivation of the teleparallel field equations (32), (37) and (38) in differential form language. We assume that the gravitational action is of the form (31) and hence its variation is given by 
